may have upper and lower limits as e approaches 0. We define these as the upper and lower derived numbers of F ( x ) with resp ct to a ( x ), and we use the notation DaF(x)-m£, D.F(x)-m£.
For x equal to 0 or 1 it is necessary to add a convention whereby F ( x ), a ( x ) are continued beyond the range ( 0, 1 ), and have values equal to their values at 0 or 1 respectively. If the two derived numbers are finite and equal, * Presented to the Society, September 6, 1918 . t Lebesgue, Comptes Rendus, vol. 150 (1910 Radon, Wiener Sitzungsberichte, vol. 122, section 2a (1913) where <a(x) ,Q(x), are the variation functions corresponding to a(x) ,F (x). These modular integrals are additive, finite, and non-negative.
Absolute continuity. A function F(x) is said to be absolutely continuous relative to a ( x ), a function of limited variation, if given any positive e we can find 5 so that I dQ(x) < €, for all sets e measurable Borel such that dco(x) < 5, I< where co (x), ti (x) are the variation functions corresponding to a(x), F (x). We desire to prove the fundamental proposition:
Theorem. If F (x) is absolutely continuous relative to a (x), it possesses a finite a-derivative nearly everywhere ( a ) [that is, except for a point set e for which fedü)(x)
= 0]; this a-derivative is summable (a) where it exists, and if E is any set measurable Borel, fdF(x) = f' DaF(x)da(x).
Je Je
In this, DaF(x) denotes the a-derivative of F(x) where it exists, and any finite value where it does not.
Before we can prove this proposition, it is necessary to prove two lemmas. Lemma 1. Given any positive e and a non-decreasing function u(x), any set E measurable Borel can be enclosed strictly in a finite or denumerable system A of disjoint intervals (that is, intervals with no points common to any two) in swh a way that Jdoj < I du + e.
a Je
Let D be the set of points at which, w (x) has finite discontinuities; then D consists at most of a denumerable set of points.
Resolve co(x) into wi (x), a continuous non-decreasing function, and co2 ( x ), a non-decreasing function which is stationary except when x passes a point of D. The integral fB ¿coi ( x ) will be a continuous additive non-negative function of sets. Hence,* given any positive e, we can enclose E strictly in a finite or denumerable system Ai of disjoint intervals so that I dù)i(x) < I ¿coi(x) + |e.
Ja! Je
The set CE-D consists at most of a denumerable set of points D'. Then, since
is a convergent series of positive terms (considered as the sum of the discontinuities of w(x) at the denumerable set of points D'), we can choose a finite n and the finite set of points Dn so that I du¡2 (x) < I du2 (x) + \(.
Jd1 Jßn
From Ai cut out the points belonging to Dn, which are finite in number. Then A = Ai-CDn still forms a denumerable system of intervals enclosing E strictly; for the points Dn belong to CE.
The set A is the same as Ax except for the exclusion of a finite set of points, or I do¡i (x) = I dcoi (x) < I dwi(x) + |e. and, since A = Ai • CD",
Ja Ja Ja Je
Hence
The lemma is proved.
The following lemma is a generalization of Vitali's theorem.* Lemma 2. Given a set E measurable Borel, and an infinite family V of central intervals, such that each point of E is the center of an infinity of central intervals as small as we please; then a set B can be found consisting of a finite or denumerable number of disjoint intervals chosen from T, such that B covers nearly all E (that is, except for a point set of (¡¡-measure 0) and such that he (¿-measure of B differs ft om that of E by as little as we please.
That is to say, given any positive e, we can find B so that du(x) -0, I du(x) < I dco(x) + e.
Je ■ CB Jb Je
By means of Lemma 1, given any positive e, we can enclose E strictly in a denumerable set of disjoint intervals A, so that Í dco' < I dco' 4-e, Ja Je where u' (x) = a (x) + x. In what follows we denote the co'-measure of a set E simply by mE. Then mE is the sum of the co-measure and the usual Lebesgue measure. The intervals A are not necessarily central intervals.
From the family T eliminate the intervals which have points in common with CA . The remaining family Ti will possess the same property relative to E, for each point of E is interior (strictly) to one or other of the intervals A . We affirm that with a finite number of disjoint intervals of Ti we can cover a part ex of E such that mex > kmE, where k is any number less than one-third. Forf let the set CE be enclosed strictly in a denumerable set D of open intervals so that mD is arbitrarily close to mCE.
Then CD is a closed set contained in E, and given any positive € we can make mCD > mE -e. By the Heine- Borel Theorem* CD can be covered by a finite number of intervals En chosen from the family Ti. Then mEn ^mCD > mE -e.* From these intervals choose first that one having the greatest co'-measure, and eliminate those which have any point in common with it. Next choose the remaining interval which has the greatest co'-measure, and so on. After a finite number of such steps we shall have chosen a finite number of intervals, and the process will terminate.
Each time intervals are eliminated, the «'-measure of the interval retained will be at least one-third of the co'-measure of the interval covered by it and all intervals eliminated as overlapping it. Hence the measure of all intervals retained will be at least \mEn, or will be greater than \mE -e. The part of E not covered, that is E -ei, is therefore of measure less than m A -\mE + €, or less than f mE + 2«. Hence mei > \mE -2e.
Our affirmation is proved, that with a finite number of disjoint intervals belonging to I\ we can cover a part ei of E so that mei > kmE, where k is any number less than one-third.
After we have thus chosen ex, omit from l\ those intervals which overlap ei, and let T2 be the remainder.
Then T2 will have the same properties relative to E -ei as Y\ has relative to E. We can by the same process cover a portion doiE -ei, such that mei > km (E -ei ), by a finite number of intervals of Ti. Continuing the process, we obtain a system B of disjoint intervals of the family T, which are at most denumerable. Moreover the set B-E = E«n-But
and the term in the parenthesis is non-negative, and therefore 2~1 men is convergent. Thus men approaches zero, or m (52 en ) = 2 ynen = mE. Then mE-B = mE, mE-CB = Q, f du' = 0. To return to our original proposition, let us prove it first in the case where a ( x ) is a non-decreasing function, so that a(x) = co(x). In any set e, if Da F ( x ) is I (this inequality being considered to hold if DaF (x) = + oo ), we shall show that fdFmlfda.
When this is proved, it will follow as a corollary, and can also be established directly by parallel reasoning, that a similar conclusion holds if the signs of inequality are reversed, or if D is replaced by D, or both. At any rate, it is sufficient to give the proof for the case first mentioned.
Corresponding to every point in e (which is measurable Borel) we can find an infinity of central intervals as small as we please, such that for each AF , , Aco ' given any positive e'. These form a family T having the Vitali property relative to e. Since F(x) is absolutely continuous with respect to a(x), given any positive e we can find 5 so that Í-dQ < e, for all sets e for which dco < 5. i< Using Lemma 2, we can define a set B consisting of a denumerable system of disjoint intervals belonging to T, such that -r-> I -e', AT' > ZAco -e'Aco, f dF > I ¡du -e' fda, Aco JB Jb Jb fdF > (I-e') fda -e -\l\8 -e'8.
In the limit, as e, e' approach 0, 8 also approaches 0, and fdF^l fda.
Since fe dF is limited, the co-measure of e decreases to the limit 0 as I increases indefinitely.
Also, since F is absolutely continuous with respect to co, fedF will also approach the limit 0. Thus the set of points for which Da F (x) = + a> is of co-measure 0. A similar proof shows that the set for which L\mF (x) = -oo is of co-measure 0.
Take two finite numbers to , M, and divide the interval between them into sub-intervals by m = ío < h < • • • < ln = M, where max \U -U-i\ < a given positive r\. Let e< be the set in E for which l,-i Si D"F <U ; then Zi_i I da Si I dF Si U I da, *Jei t/ej Jei I dF -li I da Si n I da.
By summing up for the sets e,-, if E' is the set of points where to Si Da F < M, XdF -23 ¿i I dco Si 7j I dco;
in the limit, as n approaches 0, 7)" F is summable ( co ) in 7J', and f dF = f D"Fda.
Je' JF.'
It has been proved already that fE-K>dF approaches 0 as M increases and m decreases indefinitely, whence 7)" F is summable ( co ) in E, and fdF = fü^Fda.
Je Je
Similarly it can be proved that 7>" F is summable ( co ) in E, and CdF= fl)"Fda. More generally, if a (a;) is a function of limited variation, it is absolutely continuous with respect to its variation function a(x).
We may split any set E measurable Borel into two subsets Ei, E2, so that if e is a variable set, Q(x) =ßl(x) +ß\(x)+2ßi(x)ß2(x) =a2(x).
The function a(x) is limited and less than some finite number K, so that for any interval Afi <2KAa;
